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select(k, A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ I plemeny spec

multiply(x[1..n],y[1..n])

1. If n =0 then return 0.
2. If n =1 then return x[1] * y[1].

3. If n is not even then pad x and y with a leading 0, making n even.

1 0(n).

4. Let x; =x[1..n/2], xo = [n/2+ 1..n], y1 = y[1..n/2], and
y9 =y[n/2+1..n] (as n/2-bit integers). 1/ 0(n).

5. Let x3[1..n/2+1] = x1 + x9 and y3[1..2/2+ 1] = (y1 + y9) (as
(n/2 + 1)-bit integers). 17 0(n).

6. Let Z1 =multiply(x1,91), Z9 = multiply(xg,y2), and
Z3=multiply(x3,y3). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. */

7. Return 2" « Z1 + 2M%(Z3 — Z1 — Z9) + Zo
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2. If n =1 then return x[1] * y[1].

3. If n is not even then pad x and y with a leading 0, making » even.

10(n).
4. Let x1 = x[1..2/2], x9 = [n/2+1..2], y1 = y[1..n/2], and
'4- - ~s y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).
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.
1 ' ' 1 6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
\‘ " Zs =multiply(x3,3). 13T ((n+2)/2).
~~ ¢‘~ /* Note that multiplying by 2" is just a bit-shift and takes O(n) time. */
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. 4 R\mﬁmg *'\w\e,
R “““\“3 i\me multiply(x[1..z],y[1..2])
1. If n = 0 then return 0.

2. If n =1 then return x[1] = y[1].

3. If n is not even then pad x and y with a leading 0, making » even.

1 0(n).
‘ = \ 0\ ‘\’ DL 3
(’\\ 3 ( a.\ ‘ “ 4. Let x; = x[1..n/2], xy = [#/2+1..n], y1 = y[1..n/2], and
y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).

5. Let x3[1..n/2 +1] = %1 + x9 and y3[1..2/2 + 1] = (y1 +y2) (as
(n/2 +1)-bit integers). 7 0(n).

6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
Z3 =multiply(x3,y3). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. x/

7. Return 2" « Zy +2"%(Z3 — Z1 — Zy) + Zy

log, g "
3’20 (%:) n= d(% 3‘“. “3 N

Y . .

! ~ s . n oo n
|“s &" |‘\ E' l" “\ CN /' 3 - & “
Y 'Y > 4 LY §
ap L 3 'l' ."-ﬂll ‘:.:4(‘ I 1 \‘
= O s I
’ ' . 1 [} ' >
=)
(:. N

Tl)= 3T(2)H0W)=  O(n'°3=> (29,

A \5SBS
n

AN



Trteqec wmultighication
oand +the

Fast Foucier Teandocm



Complex numbers €

muitipheahon:
(b)) Crd)
= acY (bexad) — 6o

= polynomials ovec €

PLI=aorax o x ¥ Yo, x"!

= powex‘ series over €

= \+x+/_\-.__.*.m—-



Eu\ex's Sor mulat o t+ b

a.‘ - ° °
eZ' = Cos@+ | sin®@ (M (D) = act (ecradi-bd

X _ X2 3
e = \‘\’X‘\‘;‘-\-%‘—.\.M

©

\e, "2 cos@+ i sin@

Lo = Bulecs \dexstity:
0 .

) ° eﬂ\: _.\

Cos © .
v -



nth vosts o uniYy:
ony wel sy w'=-1
e.q. W=l Sor all n

w=1 Sof w even
= Sor w =H

o + by

(b (D) = act (bexad)i-bd
2 3
Q,x= \‘\'X'\'%_\-% X~

Eu\e{'s Sormula;

66.‘ = CosOY | swnO

66‘

F

o ® o |eX L
¢ ¢ W, = éﬂ.‘/n Eudecs '\:;1\'\\'7:
@ W, @ eTizo| @iz
o o
. o 1,w, Wy, W
© o are a\l vt rodts o unity




(\‘\'\'\'\) o\ .\5 ceete Foucier Transhorm Fn ot b.‘

Trpul: 6, a,,0,, ™, o, 0 (ﬁ:n(:*;m* act J:bmam—ba
R " ==

O\R\'P\K\'I Y values

Eu\e{'s Sormulat;

FnQ :.( P(AD’ p(w“), p(wfb, >, P(w‘;;\)) e,a.‘ = CosO¥ 1 swmO

O\

whese P(vo =agta Xy 0\‘7("+ -~ Qn?(“-\ \
Swm @
c,or\;)u%a‘\’e, Fourier ¥ransiorm F.\* Eee
Ewlecs 1dewnit
IhP\I\': Qo, A, 09, ™, an-\eG' PSS 37‘:/ \
Oulpal: W values &  AKi/n

1 4 )
qu (P(ﬂ P(w -\) P(U"v‘r;a), -, P(UO.-D) 1, Wa, Wn, ", wa! are

all vi¥\ rosts oy unily
n-|

whese pl=agrans og’+ —rag



o + bs
IhP\;\': qu q\u Qq, 7, an_‘e«n \

O‘R\'P‘;\. " \‘Q\“es (a3bD(erd) = oc:k (bc..’ccxd\'bc)
F a=( P(ﬁ) P(uo“) P(w:'\): - P(wn-\‘)) = \+xaZs _\.___. N
o~ - E\*\ mula:
FKQ (PLD P(w \‘) P(uf:.\a)’ , plw ) s Jormul

6 = cosO+ | symO

whese pl0=agrar oy rag" &
/}S'\h@
« i -
Eulecs idetity:
. eﬂiz_\ .QQK\: \

5 AN/n

(i e, Fn ond F: ore e.sse,ﬁ\"\u\\y \nVerse) W el

1, Wh,, w:..""', W, ofe



o + b
Lopul: ag,9,,0,, ™, 0,0 T oy

O‘R\'P‘;\. n VQ\\A@& (a3bD(erd) = oc:k ('oc.:‘carn\"oé
an - ( P(jb, P(wh)l P(w‘:'p' /h-’ P(wh-\‘)) = \¥ x+ -\-—' Y~
anQ - (P C 13’ P(w‘:‘), P( uf:;a)’ ' P(UQ \) Eu\exs 3o(mu\a

e = cosO+ | s

whese p=agrayr o +ran - 3
Swm O
Fod: F« - F F'o‘ o /@/ }
Cos ©
Eulecs dentity:
T\'\QOCQY\'\'. an QnA F:q con be -e,7“=—\ .Qan':/:._\
CDNP\K\'QA wm Oln \og n) Twne. W dg e?.7\°\/n

2 \
1' wn, w’\..wl w'r‘\- Q(-e

a\l vtk roots o unily



Applicstion. wmulYighy 'mg PO nomials

~~ 4o n_\x“'\

~1b _\x

F(x) T a,+o X+
q(®)= by rox+

= Co¥C X &
X

whece Ck= '\Zc'a Q-‘bk.'\

O\‘\’b\

\?T vw:\gv\o\jp_\'

"\mo\ WOCY VoSt P=-d
(o&'oﬁ((,-\'ah ac:\' (’oc.:\'o‘dj\‘bé
= H-x-\’.\.___

Eu\ex S Jormula:

ea' = CosO ¥ | snO

66\

A N

Cos ©
Euwlecs \denfity:
ceTli=—| LTz
45 A/n
Wy = ©
1, W, Wi, ™, Wa' ofe

a\l vt roots o unily

Faa = plD), plwy), plwi), =, plui))
anq =(plD, p(w'x‘) p(w" —a) , plwy)

whese plO=agraxr o 4 ran

n-\

Fod: F«F = F:o\ o
Theorern: F O, “q " O(n\cgﬂ



-1
I‘?\ﬁ. P(x)= qo“'a\’x-‘— ﬂ*‘-\’ Qn \xh \?‘T + &Q‘mﬂm

['

™ 0B NN VoSt P=-1

q(x) = Bb + bl"x T o + b ‘\x (o&bﬁ(a(;\-c)D ac_* ('oc.’fo.ch\’ba

-2 x £4E
gm\: ’(‘(7(3': P(’O Q(?O'-" Co¥ CA X r‘\'cln-a%“ \rx+2 _\.
Eulecs Sormula:

o\

Tdeo: ()= p(w‘,,) C\(Q'zvb € E(Cos@ i in®

(&,9) A

Cos ©

Oln\og » Elecs defity:
\)/ (n\og, ) e sy
s .
( 1“0, thb) wﬂ - éﬂ\/h
1, Wy, Wy, wa! are
L Qf\\ b\, YY\\A“. Pa.\fw.\se a\l ¥\ rosts o unity
F C Faa=( plD), plwy), plwy), =, pli))
2n Fnkq-( (D), p(wn‘) p(w" a) ~, plwy)
\‘l O(h\og n) whese. pl)Zag ey ogh s ragd

Fo: FAFa=F Flox=na
T An 2n 20 T\'\QOCQY\'\ F N, “q n O(h\ogrﬂ



o+ b
Lopul: ag,9,,0,, ™, 0,60 T oy

O‘R\'P‘;\. n VQ\\A@& (a3bD(crd) = oc:k ('ec.:‘carn\“oc)
an - ( PLQD, P(w\\)l P(w‘:'p' /h-’ P(wh-\‘)) = \¥ x-\ -\-—' Y~
anQ - (P C 13’ P(w‘:‘-\‘)’ P( uf:;a)’ ' P(UQ \) Eu\exs §o(mu\a

e = CcosO+ | s

whese D) Zagraxs ox +—ran .
Swm O
Fod: F* - F F'o‘ o /@/ }
Cos ©
Eulecs dentity:
Theorerm: F.o ond Ffa con be o Then .Qanl._\
CDNP\K\'QA wm Oln \og n) Twne. o, dg e’:\ﬂ‘/n

al e
) wn, w’\.. ) wh Q(-e

a\l vth roots oy unily



2 _ o+ b\
1&0: wm" w“ ceal padl mémﬂm

"\mo\ Wy \\ sy =-1
- P ummm ¥ (bexadi-bd
e 0= (20,3, %) PRy

- " 2n-\
(Fan)k = 0o TO, Wt —F Qm_\(dih Eulecs Sormu
e’ = cosP¥ | sn@

66\

- k 3 3

) Lexe.n) A%@

+(a\w‘2‘h+03(w‘§_“) ¥ e 40y W™ O
wers \dentity:
ceTli=-| LTz

& AM\/n
(A)“ - e
n-{

1, Wy, w‘,t,*", Wy ofe
a\l vt rosts o unily
Faa = plD), plwy), plwi), =, pluit))
FXa= =(plD, p(wn‘) pludig?), -, plw)

n-\

where p)=agraxr o +—ray

Fo.d' F« F = Fao\ o

n

Theorern: T O, “q wn O(n\cgﬂ



, 2 _ o+ b
1&0. wm" w“ ceal padl mé\mﬂ*f

"\mo\ WOCY Vst P=-1
\é\’ o- (QO, Q‘ ' e ) %_D (o&bﬁ((,-\-clﬁ ac_* ('ec.:\cxch\‘bé
= \+x+’.\.___
- " 2n-\
(th)k - QQ + q\ wlﬂ + -\’ th_ ("3;_“3 Eulecs Sormula:
-2 2 5 e2' = cos@+ i 5@
- k e o9
- (Q° + Q,_(UO,_,D 4 a‘:.h'lLW‘z ) (exen) ]
K K N\ v N o ;
Eulecs \c\evi\’\\'y:
K < 1,,,.1 ceTli=o| =
n
- L3 < “"\ 1, W, Wy, ™, Wa' ofe
Fn“ =( P(l), P(wh)I P(w‘::\): >, P(w':;‘))
= (\'“ q&‘ub anqz(P(:D, P(w':;‘) P(u)" 'a) P(wﬂ\)
K whese plO=agraxr o '\'M‘-\‘qn'x“-\

Fod: F F FaO\ o

n

Theorern: T O, “q wn O(n\cgﬂ



2 _ O + b\
1&0: wm" w“ . ceal padl mémﬂ*f

W On \vxow\l \ s¥. \*=-1

\ef\’ (0 (QO , ., ,%_D. (a*bﬁ(c+c)'h=a;.* uu;mch'\—ba

Q,x= \‘\'X‘\'%-\-g—‘— y

2n-\
(th)k = QQ + q\ wl‘gY\ + -\’ th-\(d;h Eulecs Sormula:
eZ' = cos@+ | sn0

66‘

a 2 2n-2
= (g + Q‘z.(w\;vb ¥ = Oy (W5, 3 i ) (&en) A@

Ellers \dentity:
Py P At - \
(Q\w:h + Qs(wﬁh) ‘\' Lam '\'qm-‘ (“‘1\) n_\) :)“ d__e;ff ;ﬂ\/n

1 2
I} wn, Wy, W, afe

- K ¥ k -‘) a\l ¥\ rosts o unity
W, ¥~ '
wnh(q\'\’ﬂa n + T 02“-(‘*,“? F.a=( plD), plwy), plw}), P(w‘:‘))

= I Fra= (D), plew), pluld), =, pluod)
) S N G‘OAA)K whese plh=agrarox -\---\-q,\x"‘"
Fo: FiFo=F Fazna

Theorer: F O, “q wn O(n\cgﬂ



T _
1&0: wih" w“ \9T + &Q\mﬂm

"\mo\ WOCY Y AR}
‘é\’ o- (QO, Q“ m’%_b. (o&bﬁ((,-\-clﬁ ac_* (Bc.’co.cD\’bé
= \+x+’.\.,_
- " 2n-\
K 2 1 N ea‘ = CosO¥ | sn@
- - &
- (Q° + Q,,(w 1‘0 Y~ alh—)_LW-l ) (even)
Sm@
K K \& v - B ;
Elers \c\evi\’\\'y:
- — o= LU
= (Fa%een), T W (F o) :
n en Qa o
K 1\'\( n dd % w, = e’:lﬂ\/n
4 1, Wh,, b»):,,”"“, W:‘ ofe
\ l/ G“ vt rosts o% um'f\’y
Cecwerse Faar=(plD, plog, pld), ~, pliy))

R a=(ped), pleii), plofi’), =, pluo)

n-\

whese plh=agrarox Gt Yo X
Fo: FFFa=F Fox=na
T\-\QOCQY\'\ F no, “q n O(V\\ogrﬂ



"""""""""""""""""""""""" O + b\
FQS\' Fouwtiee Yconssorm (%, ~, An).

1S n=0 veltum ¢
.‘8 n= \ Ye ‘\—“‘“ (a& Eu\e{s Sormula:
o\

E 3 ke (\/Os*/ Yoz -1)= FT 1 (oeyen) E e

\?T qugmj?_\'
['

™ 00 WA Y AP |
(o&'oﬁ((,-\'ah ac:\' ('oc.:\'o.ch\’bé
< \-\-x-&’.\.._

4. \eY ('Zo, -, 'Zan-b =FFT ( °‘vo\5 Asw

Cos ©
'S. feT\A(n (70’ - ) ‘xh"|) Ewlecs denfity:
. e‘-’(":—\ -QQK.‘:\

i .
w, £ éﬂ\/n

\N\\efe sz YK*’ ka\ZK ,"-'0, o, n-/
--------------------------------------------- 1, W, Wy, ™, Wa' ofe
a\l vtk (osts S unity
Faa=( plD), plwy), plwi), », plwi)))
T(h} = FXa=(plD), plwn), plufid), =, plwd)

n-\

whese plh=agraxrox (ko X
Fod: F«F =F F:a\=hos
T\-\QOCQY\'\ F nA, “q n O(h\ogrﬂ












