













































































Integer multiplication
and the

Fast Fourier Transform
















































































Multiplying n bit integers
Karatsuba

Input x y E 0,13

Output product Xy E 0,232

I 2 4

887in och

8638

Better
















































































Divide bits in half

a
91,701011ft

Y
9,16101019348s

X X 2h t x2 y y 2 tyz

x y X y 2 X 42 4 272 7242

which multiplies 4 pairs of n 2 bit numbers
















































































T n 474 2 Och
work

n

MA 2n

Alan Gogan
44

4h

2in
login

n Li n


















































































Andrey Kolmogorov renowned mathematician

1950 s conjectured I n

lower bound

Anatoly Karatsuba

1960 hold my beer
















































































X y X y 2 4,42 4,1272 7242

Karatsuba's Trick T

Gita theft
xtxzlytyz xy

xzyz.IS
















































































X y X y 2 X Yaty x2 2 X242

Karatsuba's Trick
already computed

I
x tally tyz X Y t

Iffy
t Xyz

one multiply

X Yz XzY X Y t 7242 x t x2 y tyz

M t
2 multiplies for the price of 1 more








































































































































































































































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsuisin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

sora no induction on n se

Provecorrectness
arguealgosatisfiesrecursive

Implement spec





























































































































































































































































































































Complex numbers 6

imaginary i satisfying if
a t bi multiplication

realpart imaginarypart at bi ctd i
act octad i Gd

polynomials over E
at bi

p x dota xtazx't tan xn
l

power series over E

e I txt tm

I
a
















































































Euler's formula realpart

imaginary

imaginarypart

St 12 1
i

cos t i sin Catbillotdi act octad i

e It It tm

Euler's identity
1

eti I0
e2ti I































































































































































at bi
nth discrete Fourier Transform Fn realpart imaginarypart

imaginary i s.t 12 1

Input do 9 Az m an E Cl catbillotdi act octad i

e I txt It
Output n values

Euler's formula
Fna pls plan p wi m plain eti coset is in

efi
where pix aota x tag't tank

j

in

conjugate Fourier transform Fnt
Euler's identity

Input do 9 Az m an EA
eti l eat is 1

Output n values
Wn It eatin

Ffa pls plain p wit m
p Wn s wn wi n wi are

all nth roots of unity
where p x dota x tax't tanxn l2
















































































at bi
Input do 91 Az M An E realpart imaginarypart

imaginary i s.t i
2 1

Output n values atbi ctdi act octad i

e It x It m

Fna pls plan p wi m plain
Euler's formulaFfa pls plain p wit m pawn eli cos Ot is in

efiwhere pix got a x tax't tant2

yds
in 0

Fact F1Fn a FnFfa na

Euler's identity
eti l eat i I

Wn It eatini.e Fn and F1 are essentially inverse
1 Wn Wi m Wnt are

all nth roots of unity














at bi
Input do a az m an ed

imaginary I 1

Output n values atbi ctdi act octad i

e I txt t m

Fna pls plan p wi m plain
Euler's formulaFfa pls plain plain m pawn eli cos Ot is in

efiwhere pix got a x tap't tant't

Fact F1Fn a FnFfa na

yo

no

Euler's identity
Theorem Fna and Fta can be

eti l eat i I

computed in Oln log n time
Wn
Ies eatin

1 Wn Wi m Wnt are

all nth roots of unity



at bi
Application multiplying polynomials neatpart imaginarypart

imaginary i s.t 12 1

p x do A X t m t an X
I Catbilcotdi act octad i b

e I txt t m

q x Got 6 Xt m t Gn X Euler's formula

efi cos
tiepin

goal compute
xp

inO

G p x g x
n 2 Euler's identity

Cot C X t t Can 2X eti 1 eati I
k

wn
Ies eatin

where ftp ibki s wn wi n wi ar
all nthroots ofunity

Fna pls plan p wi m
p wit

Ffa pls plain plain m pawn
where pix got a x tay't tant

Fact FIFA FnFfa na

Theorem Fna Fta in Oln logn



at biInput p X
I do t A X t t A n gX realpart imaginarypart

imaginary i s.t i
2 1

9 x bot 6 xtmtbn.int atbi ctdi act octad i b
n 2 ex I txt t m

goal r G p x g x cot C X t can ax
Euler's formula

efi cos
tiepin

xp

in0

Euler's identity
eti l eati I

Wn It eatin
1 Wn WE m Wnt ar

all nthroots ofunity

Fna pls plan p wi m
p wtf

Ffa pls plain plain m pawn
where pix got a x tay't tant

Fact F1Fn a FnFfa na

Theorem Fna Fta in Oln log n







at bi
Input do a az m an ed

imaginary I 1

Output n values atbi ctdi act octad i

e I txt t m

Fna pls plan p wi m plain
Euler's formulaFfa pls plain p wit m pawn eli cos Ot is in

efiwhere pix got a x tap't tan xn l

Fact F1Fn a FnFfa na

yo

no

Euler's identity
Theorem Fna and Fta can be

eti l eat i I

computed in Oln log n time
Wn
Ies eatin

1 Wn Wi m Wnt are

all nth roots of unity



at biIdea W 2
I Wn realpart imaginarypart

imaginary i s.t i
2 1

atbi ctdi act octad i 6let a do d m aan 1
e I txt t m

Fana k I do ta Wkn t t aan Wkn Euler's formula

efi cos
tiepin

Cao taluk t t Azn 2 win
2

even

In

inO

aWh t dz w n t 92h 1 WI odd
Euler's identity
eti l eati I

Wn It eatin
1 Wn WE m wi ar
all nthroots ofunity

Fna pls plan p wi m
p wtf

Ffa pls plain plain m pawn
where pix got a x tay't tant

Fact F1Fna FnFfa na

Theorem Fna Fta in Oln logn



at biIdea Why I Wn realpart imaginarypart

imaginary i s.t 12 1

atbi ctdi act octad i 6let a do d m aan 1

In 9 k do ta Wak t t aan wigan
i

e t't t tm

Euler's formula

efi cos
tiepin

Cao taluk t aan 2 win
2

even

xp

inO

a wintdzlwknftmtaznylwh.tn odd
Euler's identity
eti l eati I

do tazlwkyntmtdzn.tw
Cn D

Wn It eatin
1 Wn WE m Wnt ar

I Got AzWkn t t an 24km all nthroots ofunity

Fna pls plan p wi m
p wtf

Ffa pls plain play m pawnFna even k where pix got a x tay't tank

Fact F1Fna FnFfa naW a even do Az aan 2

Theorem Fna Fta in Oln log n








