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Lemma 10.3. Given a disjunction of 3 literals, C' = (a V bV ¢), one can compute a
family Fo of 10 disjunctive clauses over a,b,c and an auziliary variable y, each with
at most 2 literals, such that for any assignment to a,b, c:
(a) At most 7 clauses in F¢o can be satisfied.
(b) If (aV bV c) = true, then there is an assignment y € {true, false} that satisfies
7 of the clauses in Fe.
(c) If (a VbV c) = false, then any choice of y € {true, false} satisfies at most 6
of the clauses in F¢.
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Chapter 10

2-SAT and Max 2-SAT

Chapter 9 introduced various forms of satisfiability problems, such as Boolean SAT,
Circuit SAT, and CNF SAT. (CNF SAT is often just called SAT.) Each takes as
input some kind of function f(x1,...,z,) of n boolean variables x1,...,z, and asks
if there is an assignent zy,...,x, € {true,false} that satisfies f; i.e., such that
f(xy,...,x,) = true. We were not able to obtain polynomial time algorithms for
any of these problems. However, we were able to derive polynomial time reductions
between them. Consequently, there is a polynomial algorithm for any one of them iff
there is a polynomial time algorithm for all of them.

The most restrictive version of SAT we discussed was 3-SAT. This is where the
boolean formula is expressed in conjunctive normal form with exactly three (distinct)
literals per clause. Surprisingly, this restricted version turns out to be just as hard as
boolean SAT and circuit SAT.

Here we go even further, discussing 2-SAT. 2-SAT is the special case of (CNF-)SAT
where each clause has exactly two literals. Maz 2-SAT is like 2-SAT except rather
than decide if the formula is satisfiable, the goal is to find an assignment of variables
that satisfies as many clauses as possible. We are interested in the following questions:

1. Is there a polynomial time algorithm for 2-SAT, and/or does a polynomial time
algorithm for 2-SAT imply a polynomial time algorithm for (CNF-)SAT?

2. Is there a polynomial time algorithm for Max 2-SAT, and/or does a polynomial
time algorithm for Max 2-SAT imply a polynomial time algorithm for SAT?

10.1 2-SAT

We first consider 2-SAT. Formally, the input consists of a function f(zq,...,z,) in
CNF form and exactly two variables per clause. For example,

f(l’l, ZIIQ) = (LUl V 1’2) VAN (fl V 132) VAN (LUl V i’g) VAN (fl V 532)
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The goal is to find a satisfying assignment for f, or declare that none exists.

We want to either (a) design a polynomial time algorithm for this problem, or (b)
relate 2-SAT to a problem we already believe is hard, like 3-SAT, via a polynomial
time reduction.

2-SAT, unlike 3-SAT, has the following “forcing” characteristic. Consider the
example above, and in particular the first clause,

(21 V x2).

To satisfy f, either xy or x5 have to be true. If we set x; = false, then we have to
set o = true. If we set x5 = false, then we have to set x; = true.

For the formula f(zy,x9) = (x1 V x3) A (21 V 22) A (21 V Z2) A (21 V Z2), we can
iterate this logic as follows.

Suppose z; = false. Then the first clause, (x; V x3), requires x5 = true. But if
x9 = true, then the third clause, (21 V Z3), requires x5 = false. So it is impossible
to satisfy f if z; = false.

Similarly, if z; = true, then then second clause forces xo = true. If x5 = true,
then the last clause forces xy = true. So it is impossible to satisfy all clauses if
x1 = false. We conclude that f is unsatisfiable.

We encode these “implications” in the following implication graph. _ (ow®

—>b

e For each variable z;, we create two vertices for the two literals
z; and ;. — (V)
L—o

e For each clause (a V b), where a and b are literals (such as z; or
T9), we add arcs (a,b) and (b, a).

We call this graph the implication graph for the following reason: for
any satisfying assignment, and any arc (a,b), if a = true, then b = true.

On the right, we draw the implication graph for the unsat- (G
isfiable formula f(x1,22) = (21 V 22) A (T V x2) A (27 V Z2) A
(Z1 V Z3). Each arc is labeled by the clause that produced it.
Observe that x; and z; both lie in the same directed cycle

(21, 29,71, %9, x1). This cycle is a certificate that it is impossible — 7 >
: —
to satisty f. ' N
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Next we draw the implication graph for the formula
flx1,22) = (21 V @2) A (&1 V 3) A (Z1 V Z2). (This formula omits
the third clause from the previous example.) Observe that this
time, there is no directed cycle containing both literals x; and z;
for the same variable x;. f is also satisfiable, with a satisfying
assignment given by x; = false and x5 = true.

Is it that the formula with no “bad” cycle in the implication graph is satisfiable?
We claim it is necessary. That is, we claim that a 2-SAT formula is satisfiable iff for
any variable z;, the literals x; and x; are not strongly connected in the implication
graph.

One direction is easier: if x; and z; are in the same directed cycle, then setting
x; = true implies that z; = true (i.e., z; = false), and setting z; = true implies
that z; = true. Since z; is assigned exactly one of true or false, we conclude that
the formula is unsatisfiable.

Conversely, suppose that the literals z; and z; are not strongly connected for
any variable x;. We describe an algorithm that constructs a satisfying assignment.
The algorithm is based on strongly connected components and leverages a certain
complementary structure among the SCC’s.

For a set of literals S, let S = {u:u € S} be the _GR G

set of literals obtained by negating the Varlables in S — %

Observe that for every arc (u,v), we have the arc ( \ & & /jk“’
Consequently, for every strongly connected component @
C, C is also a strongly connected component. We call C' the complementary SCC of
C.

Consider an SCC (' of the implication graph. In a satisfying assignment, all
in C' must be set to true, or to false, simultaneously. Likewise, all literals in the
complementary SCC C' must have the same assignment, and the opposite assignment

s (all the literals in) C.

We now describe the algorithm. Given a 2-SAT formula f, we construct the
implication graph and compute the strongly connected components. If any strongly
connected component contains both literals of the same variable, we return false.
Otherwise we need to construct a satisfying assignment.

We process the SCCs in reverse topological order. The first component C'is a sink
component. We mark all literals in C' as true and mark all the literals in C' as false.
For each subsequence component C' in reverse topological order, if the literals in C
are not yet marked, we mark all the literals in C' as true, and all the literals in C' as
false.

We need to argue that this produces a satisfying assignment. We say that a

3

\
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2-SAT-solver(2-SAT formula f(z1,...,z,))

1. Construct the implication graph for f.
2. Compute the strongly connected components (SCCs) of the implication graph.

3. If some SCC C' contains both literals x; and x; of some variable z;, then return C' as a
certificate that f is unsatisfiable.

4. For each SCC C in reverse topological order:
A. If C is unassigned, then assign (all literals in) C' to true and C to false.

5. Return the assignment to z1,...,z, computed above.

Figure 10.1: Solving 2-SAT in linear time via strongly connected components.

true/false labeling of the SCCs is valid if for every arc (C, D) between SCCs C' and
D, if C' = true, then D = true. A valid labeling of the SCCs implies a satisfying
assignment to the SAT formula.

Suppose we label an SCC C as true and C as false. We want to show that the
label is valid for all the arcs leaving C' and all the arcs entering C.

Consider an arc (C, D). D succeeds C' in the topological order, so it is labeled
before C. Moreover, the arc (C, D) implies that D was not a source among the
unmarked SCCs when it was labeled. Thus D must have been a sink, and labeled
true, as desired.

Now consider an arc (B, C). By complementarity, (C, B) is also an arc. As argued
above, B is labeled true, hence B is labeled false, as desired.

As for the running time, building the graph and computing the SCCs takes
O(m + n) time. The iterative marking process marks each vertex once, and takes
O(n) time. So the algorithm takes O(m + n) time overall.

Altogether we have established the following.

Theorem 10.1. Given a 2-SAT instance f(x1,...,x,) with n variables and m clauses,
in O(m + n) time, once can compute either a satisfying assignment or a certificate of
infeasibility.

10.2 Max 2-SAT

Thus 2-SAT is polynomial time solvable. The next problem to discuss is max 2-SAT.
Recall that max 2-SAT is like 2-SAT, except the goal is to satisfy the maximum
number of clauses. In particular the input formula need not be satisfiable.
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Of course max 2-SAT solves 2-SAT, while 2-SAT does not solve max 2-SAT. So
the polynomial time algorithm for 2-SAT does not impliy a polynomial time algorithm
for max 2-SAT.

Max (< 2)-SAT. It is easier to first consider a closely related problem we call max
at-most-2-SAT, or max(< 2)-SAT. The problem is the same as max 2-SAT except
each clause has at most 2 literals; in particular, we may have singleton clauses.

Theorem 10.2. A polynomial time algorithm for maz (< 2)-SAT implies a polynomial
time algorithm for SAT.

We reduce from 3-SAT. The setup is as follows. We take as input a formula
f(z1,...,x,) in CNF with exactly three literals per clause. We want to decide if f is
satisfiable.

We assume access to a black box that can solve max (< 2)-SAT. To leverage this
black box, we want to produce a formula g(y1,...,y,) in CNF with at most 2 literals
per clause, such that the maximum number of satisfying clauses in g can somehow
tell us if f is satisfiable or not.

The main challenge is converting a 3-literal disjunction to clauses with only 1 or
2 variables. Note that our “assignment” trick from chapter 9 does not work as that
gadget produces disjunctions with 3 variables. We apply a different gadget, described
in the following lemma.

Lemma 10.3. Given a disjunction of 3 literals, C' = (a V bV ¢), one can compute a
family Fo of 10 disjunctive clauses over a, b, c and an auziliary variable y, each with
at most 2 literals, such that for any assignment to a,b,c:
(a) At most 7 clauses in F¢ can be satisfied.
(b) If (aV bV c) = true, then there is an assignment y € {true, false} that satisfies
7 of the clauses in Fe.
(c) If (a VbV ¢) = false, then any choice of y € {true, false} satisfies at most 6
of the clauses in F¢.

Proof. Suppose we have a clause (a V bV ¢), where a,b,c are literals. Let y €
{true, false} be a new variable, and the following 10 clauses:

(a), (b), (c), (@V'b), (bV o), (eVa) (y), (aVy), (bVY), (cVy)

An assignment satisfies (a V bV ¢) iff there is some choice of y € {true, false}
that 7 of the 10 clauses in the gadget for (a VbV ¢). If the assignment does not satisfy
(aV bV c) then any choice of y leads to satisfying at most 6 of the clauses. See fig. 10.2
on the next page. O
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(a,b,c) = (f, f,F) | (t,f,F) | (t,t,F) | (t,t,t)
(a),(b), (c) 0 1 2 3
@vb),(bve),(cva 3 3 2 0
M y M 4
max, y),(@Vvy),(bVvy),(cvy) | 3 3 3
total 6 7 7 7

Figure 10.2: Number of satisfied gadget clauses for (a VbV ¢). The columns are based on
the number of literals among a, b, ¢ that are satisfied.

We apply this to the 3-CNF formula f as follows. Suppose we have m clauses
Ci,...,C,,, For each i, we apply lemma 10.3 to C;. Let F; denote the corresponding
set of 10 disjunctions, and let y; be the new auxiliary variable, produced by lemma 10.3
when applied to C;. Finally, let g(z1,..., 2, Y1, ..,Ymn) be the formula taking the
conjunction of all the clauses in all the F;’s. ¢ is in CNF, and has m+n variables, 10m
clauses, and at most 2 literals in every clause clause. We claim that f is satisfiable iff
one can satisfy at least 7m clauses of g.

If f has a satisfying assignment zq,...,x,, then we can choose y,...,y,, so
that the combined assignment (xi,...,2,,v1,...,Yn) satisfies 7 clauses in each F;.
Summing over i € [m] gives Tm satisfied clauses, total.

Conversely suppose f does not have a satisfying assignment. Consider any assign-
ment x1,...,T,. Z1,...,T, does not satisfy some clause C};, and consequently, any
assignment of y; leads to at most 6 clauses in JF; being satisfied. Since we can satisfy
at most 7 clauses in any other F;, we conclude that at most 7m — 1 clauses can be
satisfied in g.

To recap, given f, we construct the formula g by applying lemma 10.3 to each
clause of f. We apply a black box to g that computes the maximum number of
satisfiable clauses.

From max (< 2)-SAT to max 2-SAT. We now show that max 2-SAT is hard
by reducing from max (< 2)-SAT.

Theorem 10.4. A polynomial time algorithm for mazx 2-SAT implies a polynomial
time algorithm for SAT.

We give a reduction for max (< 2)-SAT to max 2-SAT. The only difference between
the two problems is that (< 2)-SAT allows for singleton clauses of the form (a), where
a is a literal. We first describe a clause to transform a singleton clause to a constant
number of 2-literal disjunctions.
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Consider a singleton clause a. Let y € {true, false} be a new variable, and
consider the clauses

(aVy)and (aVy).

If a = true, then both clauses are satisfied. If @ = false, then any choice of
y € {true, false} satisfies 1 of the 2 clauses.

Now suppose we have an instance of Max (< 2)-SAT. The input consists of a CNF
formula f(xy,...,x,) with k singleton clauses C1,...,Cy and ¢ clauses Dy, ..., D,
with 2 clauses each. For each singleton clause C; = (a;) we introduce a new variable
y; and create the 2 clauses

(aVy;)and (aVy;).

Consider the 2-sat formula g(x1, ..., Zn, 41, .., yx) Where we replace the k singleton
clauses in f with the 2k auxiliary clauses above.

Given an assignment to x1,...,x, that satisfies p of the k singleton clauses, and
q of the non-singleton clauses, any choice of y1, ...,y satisfies exactly p + k of the
auxiliary clauses replacing the singleton clauses. Thus the maximum number of
satisfiable clauses in ¢ is exactly k more than the maximum number of satisfiable
clauses in f.

Given a black box for max 2-SAT, and a max (< 2)-SAT instance f(z1,...,Z,),
we construct the 2-SAT formula ¢ as described above, pass it to the black box, and
subtract k from the value returned by the black box.

This completes the proof of theorem 10.4

10.3 Additional notes and materials

Max 2-SAT was shown to be NP-Hard by [GJS76]. The linear time algorithm for
2-SAT is from [APT79]. Previously a polynomial time algorithm was given by [Kro67]
and a different linear time algorithm was given by [EIS76].

10.4 Exercises

Exercise 10.1. Let G = (V, E) be an undirected graph, with edge weights w : £ —
Roo UR<g. A cut is a set of edges of the form

5(9)= {{u,v} € E:ue S v¢ S}
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for a set of vertices S C V. Note that 6(S) =d(V \ 5). S and V' \ S are called sides
of the cut. The weight of a cut §(5) is the sum of weights over all edges e € §(5).

For each of the following problems, either (a) design and analyze a polynomial
time algorithm (the faster the better), or (b) prove that a polynomial time algorithm
would imply a polynomial time algorithm for SAT.

1. Decide if E' = §(S) for some set S C V.
2. Maximize the weight of §(5) over all S C V!

3. Maximize the cardinality of 6(S) over all S C V. (Le., the unweighted version
of the previous problem. G is allowed to have parallel edges.)

4. Decide if |0(S)| > |E|/2 for some S C V.

'Hint: Here are the first few steps of a potential reduction from max 2-SAT. Given a 2-CNF
formula, for each variable x;, create two vertices representing the literals z; and z}. Create two
vertices representing true and false. Add very heavy edges between z; and a} for all i, and a
very heavy between true and false, so that any weight-maximizing cut has to separate x; from a7
for all 4 and true from false. In such a cut, if z; is on the same side of the cut as true, we can
interpret that as setting x; = true. Otherwise z; is on the same side of the cut as false which we
can interpret as setting x; = false. We now leave it to you to figure out how to model the clauses
and complete the reduction.
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