































































Subset Sum and the

secret language of numbers
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Booleanlogic XyeTRUEFALSE 1,0

x andy Xly
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definition

y logicalgatesarranged as vertices

in a directed acyclicgraphe g circuits

inERI
exclusiveor Addition

gates take some inputsbitsoutput 1 bit

Ot andgate
also outputgate

54 27 1 42V E 1 2 ftp.xaxz x jyty 3 4 OF notgate

inputgate

Circuit SAT

given a circuit decide if it

is satisfiable

Theorem there is a poly time algo for
Boolean SAT iff there is a poly time algo
for Circuit SAT


































































Conclusion

We want but don't have polynomial time algos for

Boolean SAT CNF SAT 3 SAT or Circuit SAT

But we do know they are equivalent up to

polynomial time


































































Booleanlogic XyeTRUEFALSE 1,0
2 SAT x andy Xly

YijingCNF ConjunctiveNormalForm
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Polytime Algo Hard as 557 Abstain

LSAT 66 44 2

Max 2 SAT 60 35 5


































































Implication graph
vertex for each Xi I
for clause a v6Complement E is a source SCC why
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fix a clause g v f u c
Theorem A polytimealgorithm for max sa s
implies a polynomialtime algorithm for SA

54mn xVaughn
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3 SAT instance S2 SAT instance

ftp.xn xVXzVxz Am gain xp x Vxz A

Yes No

Max
Maxsatisfied
S2 SATclauses


































































Theorem A polytime algorithm for max 2 SAT

implies a polynomial time algorithm for SAT

CaiVy A any

S2 SAT instance 2 SAT instance

ftp.xn xVXzVxz A ga p xp x Vxz A

K

Max Max
satisfied

2 SATclauses ing


































































e g Making change

93 cents quarters

dimes

nickels

pennies


































































Subset Sum

Input X Xz
M X E IN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Another search problem

Polytime Algo Hard as 557 Abstain

Subset
Sum


































































Subset Sum

Input X Xz
M X E IN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Ideas for algorithms


































































SubsetSum
Input X x2 M X EIN

Recursive Spec Goal find a subsetof Xi'sthat sumto
decisionversion decideissuchasubsetsumexists

SubsetSum e.g 14 13 17 7 18 18 10 4 11 I
7 52

SS x m xn T

TRUE if there is a subset of x mxn summing to T

and FALSE otherwise

Implementation

SS x m Xn T

1 If TSO then return FALSE

2 If 7 0 then return TRUE
3 If no then return FALSE

4 Return 554 2 Xn T V55 X2 m Xn T X

Running time Tn Ten 17 047 062


































































DynamicProgrammingA Subsetsum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

Recursive Spec decisionversion decideissuchasubsetsumexists

e.g 14 13 17 7 18 18 10 4 11 1SubsetSum 7 52

SS i 5 True if there is a subset

of Xi m Xn summing to S and FALSE otherwise

Implementation Running time

SS i s OC nt subproblems
1 If 550 then return FALSE

Oct time persubproblem2 If 5 0 then return TRUE
3 If no then return FALSE

4 Return SSC it s Vss it s x
Ont time overall


































































Subset Sum

Input X Xz
M X E IN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Polytime Algo Hard as 557 Abstain

Subset
Sum


































































SubsetSum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

Running Time decisionversion decideifsuchasubsetsumexists

e.g 14 13 17 7 18 18 10 4 11 I
7 52

nt subproblems Recursivespec
i g True if thereis a subset

of xp XnsummingtoS FALSEotherw
OCD time persubproblem Implementation

1 If 550 then returnFALSE
2 If 5 0 then returnTRUE

O nT time overall 3 If no then returnFALSEIIIsscn.ssusscin.sn
I Runningtime

OCnt subproblems
Oct timepersubproblem

T takes log T bits to write down ont timeoverall

what if TI 2

Shxt Any other ideas


































































SubsetSum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

e.g 14 13 17 7 18 18 10 4 11 I
7 52

Subset Sum is hard as SAT RecursiveSpec
i g True if thereis a subset

ofXi mXnsummingtoS FALSEotherw

can we instead show that

ImplementationUnlike previous problems Subsets um
2 If 5 0 then returnTRUElooks nothing like SAT 3 If no then returnFALSE
4 Return55Cit s V55Citis x

Runningtime
OCnt subproblems
Oct timepersubproblem

O nT timeoverall

T takes logT bitsto writedo

Theorem A polytime algo for subset sum

implies a polytime algo for SAT


































































SubsetSum

Theorem A polytime algo for subset sum Input xx ix en
Goal find a subsetof Xi'sthat sumto

decisionversion decideifsuchasubsetsumexists

implies a polytime algo for SAT e.g 14 13.17 7,18 18 10 4 11 I
7 52

Poof setup
3 SAT instance

X Xan XpEIN

flxyn.tn xVXzVxz Am TEN

Yes No for subsetXi Xz m XpEIN
TEIN Sum

Sey idea numbers are bit strings too
use many digits
eachdigitencodes 1 constraint


































































SubsetSum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11 I
7 52

3 SAT instance Xi PEN
ftp.xn xVXzVxzAm

I Recast 35AT as subset problem

ie Subset

clause x VI V73 set x XI X CX

Goal find SCX sit

a for each clause Ci Cin5 0

6 for each Xj S contains exactly 1 of Xj Xj


































































SubsetSum
Input X Xz XnEIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11 I
7 52

2 Start making s 3 SAT instance

x.gg
en

y

ftp.xn xVXzVxzAm

we use mtn digits base 4
Subset

for the literal Xj
1 Recast 3SAT as subset proble
X literals x I x2 I m XnTn

clause x VXVx3 set X xIXz C

Mgk Tf If
Goal find sax sit

A O 2 33 I 0 O O

a foreachclauseCi Cin5 0

each clause each variable
notXJ

for each clause Ci set Ci th digit to 1 if xjECi
else 0

set xjth digit to 1 else 0


































































SubsetSum
Input X Xz XnEIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11 I
7 52

2 Start making s 3 SAT instance

x.gg
en

y

ftp.xn xVXzVxzAm

we use mtn digits base 4
Subset

Similarly for the literal Ij
1 Recast 3SAT as subset proble
X literals x I XzXz TnTn

m clause x VXVx3 set x xIXz C

METH If If
Goal find sax sit

I 0 2 2 0 0 I 0

a foreachclauseCi Cin5 0

each clause each variable
notXj

for each clause Ci set Ci th digit to 1 if IjECi
else 0

set xjth digit to 1 else 0


































































SubsetSum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11 I
7 52

3 SAT instance XiYIP
ENLiterals Stxn.tn xVXzVxzAn

X X F x y
Long s

A I AnAn
Subset

Sum

1 Recast 35AT as subset proble

XjES FjES X literals x I x2 I m XnTn
clause x VIV73 set X XIXz Cconstraint Ci

sets

g g p g
t t constraint Ci Goal find sax sit

C th digit of D 21
a foreachclauseCi Cin5 0
6 foreachXj Scontains of x
2 Start making sf variables Xj V variables J for theliteral x

KxjTj3051 1 Xjth digit of D 1 A 02 5 so one

TIE T E
for eachclauseCi set Cith digit
I if xjÉÉielse 0
set xjthdigit to 1 else 0
Similar for the literal Ij


































































SubsetSum
Input X x2 M X EIN
Goal find a subsetof Xi'sthat sumto

decisionversion decideissuchasubsetsumexists

use many digits each digit encodes 1 constraint e.g 14 13 17 7 18 18 10 4 11 I
7 52

3 SAT instance Xi PEN

h

Literals Stxn.tn xVXzVxzAn

X X E x y
Long s

A I An In
Subset

1 Recast 35AT as subset proble

XjES FjES X literals x I x2 I m XnTn
clause x VIV73 set X XIXz Cconstraint Ci

g g p g
t t constraint Ci Goal find sax sit

Ci th digit of D 21
a foreachclauseCi Cin5 0
6 foreachXj Scontains of x
2 Start making s
we use mtn digits base4

kxj.xj.MS 1xjthdigitofD 1
5 n
for eachclauseCi set Cith digit
I if xjÉÉielse 0want to replace Z w set xjthdigit to 1 else 0
Similar for the literal Ij


































































SubsetSum
Input X x2 M X EIN

constraint Ci H f constraint Cj Goal find a subsetof xi'sthat sumto
decisionversion decideissuchasubsetsumexists

e.g 14 13 17 7 18 18 10 4 11 ICins 0 Cith digit of DEI esa
3 SAT instance Xi PEN
ftp.xn xVXzVxzAn

E subset
Sumfor constraint Ci create two copies of

I Recast 35AT as subset proble
X literals x I x2 I m XnTn

Easy fix free padding

Bj O O MO I O O O clause xVxIVxz set x I x C

Goal find SCX sit
a foreachclauseCi Cin5 0

Cith digit
2 Start making s
we use mtn digits base4

T

A 0 1 53 I o o f
lets you increase 4th digit by 2 or 3

qq.gg.gg
for eachclauseCi set Cith digit
I if xjÉÉielse 0
set xjthdigit to 1 else 0
Similar for the literal I


































































SubsetSum
Input X Xz XnEIN
Goal find a subsetof Xi'sthat sumto

Use many digits each digit encodes 1 constraint decisionversion decideissuchasubsetsumexists

e.g 14 13 17 7 18 18 10 4 11 I
7 52

Literals 3 SAT instance Xi PEN
ftp.xn xVXzVxzAn

X X F m x y
Long s

A I An In
and B Bit BmBm subset

et TI 33 m 3 1 I I 1 Recast 3SAT as subset proble
X literals x I x2 I m XnTn

clause x VIV73 set X XIXz CFauses Tvariables Goal find SCX sit
a foreachclauseCi Cin5 0

for subset of Aj's Ii's Bi's summingto D 6 foreach x scontains of x

2 Start making s
we use mtn digits base4Cith digit of D 3 only if D includes for theliteral x

A 0 1 53 I o o f
Aj AT For some Xj Ej in Ci T E EE

for eachclause Ci set Cith digit

Xjth digit of 17 157 sis x É i else o
set xjthdigit to 1 else oD includes exactly one of Aj Ij Similar for the literal Ij


































































SubsetSum

Theorem A polytime algo for subset sum Input xx men
Goal find a subsetof Xi'sthat sumto

decisionversion decideifsuchasubsetsumexists

implies a polytime algo for SAT e.g 14 13.17 7,18 18 10 4 11 I
7 52

Literals
X x inxn.tn AYE AnAn

and B BTBmBm

3 SAT instance ÉÉs t
x Xan XpEIN

flxyn.tn xVXzVxz Am TEN

Yes No for subsetXi Xz m XpEIN
TE IN Sum

Sey idea numbers are bit strings too
use many digits
eachdigitencodes 1 constraint














































































