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Lemma 10.3. Given a disjunction of 3 literals, C'= (a V bV ¢), one can compute a
family Fo of 10 disjunctive clauses over a,b,c and an auziliary variable y, each with
at most 2 literals, such that for any assignment to a,b,c:
(a) At most 7 clauses in F¢ can be satisfied.
(b) If (aV bV c) = true, then there is an assignment y € {true, false} that satisfies
7 of the clauses in Fe.
(c) If (a VbV c) = false, then any choice of y € {true, false} satisfies at most 6
of the clauses in Fe.

2-SAT indince Vo (€)-SAT indonce
Sty A= (X xNTYA ot ) = (XA~

Yes/No

ok Mo
geinisy (£2)-SAT



Theorem: A ‘Do\xi\'\m a\goc\‘\\m Soc wox A-SAT
\mp\'\es o P°\7 nomo\ “Nme o\\gor W Yo SAN.

(o \l\m /\(q-|\l<’-‘)

(£Q)-SAT mlance I A-SAT inSonce

%(x\,m;x“Y (XNANQYA~ A%, %p) = (xNKDA~—
N |
A -
mox Mo



%)
C)O\O\V\%Q. C
\(\hg

Mo

a%.

XS,
... quacie
WS

coxy

Q3



Subsel Sun
Topds %, %y, ™, X, EMN
Goal: Fwnd o subsel oF 'X-:s hot sum Yo |
(decision version. decide § such o subsel swm exishs)
eq. |4, 13, \7 1,13, 19, 10, H, \\, \O
T=52

Ancther "smrc.\: pt'o\.\em

(CeNFD)

F%,\ﬁ'm A\go Hocd os SAT  Abstown

Snbset

Sum



Subsel Sumn
1“?‘;“.‘ ‘xh ’xin Mi ‘X“G.N
(Jom\'. Twd o subsel o 'X-:s ™HheY sum Yo T

(decision version. decde & swh o subsel sum exists)
ea. 14, 13, 17, 7,18, 13, 10, 4, \, 1o
T=52

Tdeos Soc o) 30(’\’&\\%?



Subsel Suen
1“?';“" ’Xh 'xiu Ml ‘xl'\e"N

%C’“r S.“ e s?ec Gool. Twd o subsel oF %is thet sum Yo T

eq 14, 13,17 7,18, 13, 10, 4, |\, 10

SS (%, %), T)= o
TRue 1 there s o subsel of %, 7, swawming To T,

ond FALSE octherwise

Tmplemeriation

SS (%, %), T)
1. IF¥ T<O then réfucn FALSE

A IS 20 then rétuen TRUE
3 15 w0 Ythen vetuen FASE
L\. Ri\’\M'h SS(L'X’_.*"" xn\,T? \I Ss (ﬁl‘fhf" 'Xh\n T. Xb

R\mn\v\g Yoz V)= T D40z o)



Subsel Suen
1“?‘;“" ’Xh 'xiu Ml ‘xhe"N

#E Dynamic Progmmm'\ng‘k

‘ : . S Gool.  Twnd o subsel o 'X-:s TheY sum Yo T
e c (decision version. decde § sudh o subsel sum exisis)
“rs‘ve ? eg. 14, 13,17, 7,18, 13, 10, 4, \ 1o
(Subser Sum) T=523

SS(, , )= TRue & there s o subsel
o %, % S\Amm\ng To S, ond FALSE otherwise

Lmplemeriation R\mﬁ\“g Yo

SS( y S) O(nT) bu‘v‘:ro‘o\ems
1. IF S<O then réfuen FALSE
A. IS S50 then rétuen TRUE

3 I5 w0 then refuen FASE
4. Refuen SSCi, )V 850, 5-x.)

O Fire pec subpcoblem

O(n‘ﬂ '\"\me. ove( a\\



Subsel Sumn
1“?‘;“.‘ ’xh ’xin Mi ‘x\'\em
CJOG\'. Twd o subset oF 'X-:s ™HheY sum Yo A

(decision vecsion. decrde & such o subsel sum @xisis)

eq. 14, 13,17, 7,18, 1%, 10, 4, \, 10
T=53

(eNFd

%H‘\’Rm A\go Hocdos SAT  Abstomn



R\mﬁ\hg T
O(nT) SuWro%\ems
O Fire pec subpeoblem

O Time ovecal

"“T fokes \oé(ﬂ Gits Yo wrie down

who! \§ TR '5\“?,

Shk+. Ary othes Weas!

SubseY Suen
1“?‘;“" 'X“ 'xiu Ml ’xhe"N
Gool: Find o suoset &F s Thet sum Yo T

(decision version. decide & such o subsel swm exiss)
es 14,13, 17 7,1, 1%, 1o, 4, \, 10
T=93

Recursve Spec
55( ', $)= TRue ¥ *there is o subset
o %% Swming To S, FALSE ctherwise

Twmplemenialion

35(4,9)

1. I§f S<O Hhen ceéfuen FALSE
2. IS 520 then retuen TRUE

3 I9 w0 then reluen FASE
4. Refuen SSCin, $) VS50, S-x,)
R\A\'\Y\.\V\g T

o( nﬂ SM‘\;?COS\QXY\S

oM twe ?ersdopcob\m

O(h’n '\‘\me. ove( m\\



Con wWe nsTeodr Show Thal
SubedY-Summ 16 hocd o SAT?

Urlike previous protlems, SubseiSum
\bo\(s “6\"\.\“8 \\\Q, SAT P

Subsel Suen
1“?‘“.‘ ’Xh 'xil Ml 'X“em
Gool: Find o subset &F s Thet sum Yo T

(decision version. decide § suh o subsel sum exids)
2.3. \"\' ‘3, \7, 7/ \8‘ 1%, 10, l—\l \\‘ 10
T=53
Recursve Spec
(Subser-Sum)
SS( \, 9)= TRue & Yhere is a subset
o %, % S\Amvn'\ng o S, FALSE ctherwise

Twmplemenialion

$5(4,9)

1. If S<O then reéfuen FALSE
2. IS 570 then vétuen TRUE

3 T5 w0 then retuen FASE
4. Refuen SSCin, $) VS50, S-x,)
R\mv{\n T

o( nﬂ SM\)?ro‘o\e,W\s

oM  Fwre ?ersdovcob\em

'“seofem‘. A Po\f“me °‘\3° S‘o(' Su&) 5€V- Sum
mplies o PO\‘]T we olae For SAT

O(h’ﬂ '\‘\me. ove(, m\\
”T‘\ '\"Q\(es \QS(T\ ‘O.\tS )(D \Nf‘\-\-Q, AOWY\



SubseY Suen

'“\eofexn'. A PO\\[\.\W\Q q\ao S’o(‘ swb €V~ swm ZX ;{;:’;:\;63 s thet sum Yo T

(decision version. decide § such o subsel sum exishs)

mplies o Po\‘fr\me. 0\3" Soc SAT Wy e

Prooy sefup.

3"SAT mslonce b X, Ka, XPQN

‘:('x"fr,x,b'-’ (XNANKYA~ Ten
s 7

piiiaskioJ R N

Ten Sum

. . - . ] - WSe many d\g’f\'s
\<Q,\I \c)e.u. 71“"16“.5 are 6'1 [ ("gs 160 Neach d'\g’f\' encodes 1 condicamnt



\<Q.\I \deo. Aumbers are birt-st rirgs Too!
-use many digifs -each dig¥ encodes 1 condicaint

1- P\QLO\S’Y 3SAT (V) "su'osé\? pro‘o\e.m
X= WWecods{ %, %, %, Ko ™, %y Ard

C.\ wSe (’X\ \’:K-J.\’ Xg) - 3&“ {‘X‘ ,:iz ] X;S C-X

Gool: Sind SCX s
@sor each danse ¢, C,NS=¢

SubseY Suen
1“?‘“.‘ ’Xh 'xiu Ml 'X“em
Gool. Find o subset oF s Thet sum Yo T

(decision vecsion. Aecide § suh o subsel sum zx\s‘\’s)
es 14,13, 17, 7,18, 1%, 1o, 4, \, 1o
T=93

3"’SAT \“S‘CA“CQ _> Xy, Ka, ™, xfe N
S’L’X\"P,'Ky)= (x‘\[ ‘xl\l')@/\w TenN

l

TR e | Sukes
Ten S“m

® Soc each X3, S conans (exatd 1 oF {x;, %



Subsel Suen

° ° p - : l Thpat: WX, ™7,
\<e.~l \deo. Numbers are brt Sl’mgs 150! o 35,,.,\ i ::;“3, o 4 e
o o Lo . decision version. decide § such o subsel sum excls
-W\Se WWM\[ d\S“S °¢.ac.\n d\a\'\' ehcodes 1 conSicamnt eq 14, 13,17 7,18 13, 10, 4, \, 1o
< T=53
o ) - wslonce
9. Stac m“k‘“a *s: sci:::\df;w@nw_' i
W wnse wmin o\ig\"(s boase i T l
. ‘(es/No&laﬂc obsd
- Soe the \tecol %y e b
1. Recost 39AT as “subsi¥ peoble
O 1 oL~ 1 -1~ Xi \'\Tem\six‘,‘i'., ‘x:r'i,a"?;mﬁg

AJ Sl Al el e . ol B |2| &’ ¥ &l owse (K VTN K = 6t 1%, %, Kb <X
\

(Yhoo\eb) N ~ ~ ~ Gool: $ind SCX sX.
%9 m s\ots Sov n S\ots hoc @ each duuse €, G54
e 3 C,\Q\A&, Q,Q\Q)(\ VQ(%\Q @ ot eanch X3, S contons 1 o {Xj,-i_"}
(not f@

"*Yor each dause Ci sef Cith o\ig\‘\ ol i§ ’x;\eC;'
else O

- sel “xth digt fo 4, ese O



Subsel Suen

K ey e Mumbers are brt-ste ngs Too! o o i 3 % .
‘USe many d\sﬂs -each d'\é{\' encodes 1 conéicomt ey 4, 3,17, 7,18, 18, 10, 4, \ 1o
o= T=953
3. StacT malking #' S e
" We use wmn o\Ré'ﬁs base 4 T l

° ° - \ffi,/ﬂ‘i,ﬁ‘ 4— uose
- Simlacly, Sor the Vitecal X: =

1. RQ(AS‘V 35AY as "su'osif‘ peoblem

A OL~1 1 1~ X= Vivecos § %, %, %y, X A
) — 1 - - n o “ Il%'xzn ermxv:g
A= 10,3) 190519) luse b VRNTY = o6t ., KK

J
(mge\eks) N < \o ~N = Gool: $ind SCX ST
E wm s\ols Sor n s\ots Soc @ each duvse G, G524
e 3 C,\Q\A&, Q,Q\Q)(\ VQ(%\Q @ ot eanch X3, S contons 1 o {Xj,-‘)-('_"}

(ot %))
* So¢ each cause Ci se¥ Cith o\ig\‘\ ol S ”)'(L\QC;'
else O

- se “xth digt fo 4, ese O



\<e.~, \dex. Numbers are brt-ste ngs 150!

-USQ many 0\.\3\'\'5 -each d'\a\'\' ehcodes 1 conSicamt

L\'\'QC‘Q\S

R={x, %, ')Q)
Set SeX

\.ong"é'-')
iA\'—A\’ MI A“l-Ah‘S

> N=2ZA+2 A,

'xes xes

Yecondcowt C,, & c.ov\s"(qu“ C,,

CNSES

d
‘ ‘(‘X:) ;7'\330 S\=4

C’\'“\ A\%\'\ OCJ D>_1
¥ vorables X2 &> N vocwbles x:

A}

’xo'\»\ J\g\'\ o D=1

Subsel Suen
1“?‘“.‘ ’Xh 'xil Ml ’K“em
Gool. Find o subset oF s Thet sum Yo T

(decision version. decde § sudh o subsel sum exidis)
eg 14, 18,17 7,18, 13, 10, 4, W\, 1o
T=532

3"SAT \"\S‘O"\C@a _> X‘,X;."'; XP€ N

Slox, A= (xNRAYA~ Ten
e e Sum

1. Recost 35AT as "su'osif‘ peoblem
X = \.\TQ(Q\S i X‘, ‘-x'lo 12: -iz: ~I xmﬁ':g

Goal: Sind SCX s
@ Yor each dawse G, CNS=¢

(exocty)

@ So¢ each X3, S contans 1 o {XJ ‘K}

3. Starcl moking F's:
°We unse wmtn \é‘ﬁs bose k&
° S’of e \\'\'0.(0\ 'X

A |O||1|31;—1:|1||O||0|;3:;|2|
(WO\G))W —_—
m slots Sor S\ots Soc
eoch clonse emc\\vo\wh\e
Sb( e.ac.\\ c.\ab.se C; sef Cith o\\g\‘\ Yo
14 'xJeC else O

* sel 'X'\'\'\ o\\g\" 1, ese O
Simiar S'o( the \trec G\ ;)—(0



\<e.\l \0en. Numbers are brt-st rirgs ‘k’»'

-‘USQ moany 0\.\3“'5 -each d'\a'(\' ehcodes 1 consfeowt
Litecols \-ong"é'-'b

7\‘3{1., iA\n A\n MI P‘n.-’;‘v}i

Se¥  SeX &> D=2LA +2A

'xes xes

¥ condicomt C;, é—b. N c.ov\s"(m\v'{( C,,

CNS# ¢ E Citn A\%\'\ & D21
¥ vacioles 7 ¢ ¥ vacukles 7,

|, % 5031=1 %t gt o D=1

A

1N

0 D

wovi¥ Yo replace w/

Subsel Suen
Thpal: %, %y, ™, %, EMN
Gool. Find o subset oF s Thet sum Yo T

ecsion.  decide § such o subsel sum exidis)

eq 14,1317 7,18, 13, 10, 4, |\, 10
T=52

3"SAT .\\'\S‘CA“C‘Z _> Ky, Ka, ™, xfe N
S'(ﬁ\,’”."‘vb: (x‘\[ ‘Xi"’@/\w TenN

(decision v

e '“ Sumn

1. Recost 35AT as "smbsi‘? peoblem
X = \.\TQ(Q\S i Xh ‘-x—lo 11: Zn ~I 7(,,,7(,3

Gool: $ind SCX s\
@S‘Df each danse ¢, CNS=¢

(exoct)

@ So¢ each X3, S contans 1 o {XJ ‘K}
3. Starl wmoking ¥'s.
°wWe wse wmitn \g'ﬁs bose &

° S’o( ‘“\Q, \f\'@.(@\ 'X

oL~1 i~
A O, |1||O||Q|/3;r|2|

(vmode)) N \—/—\/_\’

m s\ Sor o Sor
eoch clounse e.m\wo\wla\t
Sb( eqc\\ c.\ause C; sef Cith o\\g\‘\ Yo
1 xJQC else O

* sel 'X'\'\'\ o\\g\'\ 1, ese O
Sim\ar S’o-( the \.f\'Q(G\ ;RO



CNS#SP

o
5
S-
o
&
-,
\'4
'—\

Bosy Fix: “Sree poo\A\ng
Yor consteawt Ci, cresfe Fwo copies &b
B:=00~~0100~0
étr\‘\\ cX\gf\’
lefo you inerease Cith c)ié'\'\' by Loc

Subsel Suen
1“?‘“.‘ ’Xh 'xil Ml 'X“em
Gool: Find o subset &F s Thet sum Yo T

(decision version. decde § such o subsel sum exidis)
eg 14, 18,17 7,18, 13, 10, 4, W, 1o
T=532

3"SAT \"\S‘O"\Cz _> X‘,X;."'; xfe N

Slox, A= (xNRAYA~ TeN
Pt —
Tem Sum

1. RecosT 35AT as “subsih peoblem
X = \.\TQ(Q\S i Xh ‘-x'lo 121 -iz: ~I xmﬁ':g

Gool: $ind SCX s
@ Yor each dawse G, CNS=¢
@ Yoc each ‘Xs. S con'\'o\irnsmimg& {xJ .'7'('3}
3. Sracl moking F¥'s:
°We nse wmtn aits base k&
* Soe the \treca Ay

oL~1L -l
A3= O, L, A~ |1||O||O|M»|Q|
modds) \__——~ o \——~
( % ) m s\obs Sor n ST Soc
eoch clonse 2och vacebie

* Soc e,qc(,\\*%xause, C, s&¥ Cith o\'\g\‘\ Yo
1% 'x-JeEl;, else O
rsat “xth digh o 1, Qe O

Similar S'o( the \trec 0\ ;;(0



\<Q\I \deo. Aumbers are brt-st rirgs 160!
‘WS many 0‘\3"\'5 -each A'\sf\' encodes 1 conicowt

Litecols DA \-0:13 s B
x:'i'x\.i\?”.xm”‘-}) iA“A“ MIA'\.AhS
th iB\ ,B\,Avlgm,Bm-.S
let T2 33311 ~ 4

— \’V—.N—/
 amses N vowiob\es

Soc subsdt & As, As, Bis S\Amm.ml‘\'o D:
- CX\ J\—;%'\'\ of D=3 on\y T D mdudes
AJ/ As For some. 'xb/i-d wn G

* Kth digey oF D=1 <
D ndudes (eocty) one Sr Aj/A;

Subsel Suen
Thpal: %, %y, ™, %, €M
Gool. Tind o subset oF %X Thet sum Yo T

(decision version. decide & such o subsel swm exisis)
eg 14, 18,17 7,18, 13, 10, 4, W\, 1o
T=532

3"SAT \"\S‘O"\C@a _> Ky, K™, xfe N

Slx, A= (xNxNQYA Ten
Pt — N
Tem S“m

1. Recost 35AT as "su'osif‘ peoblem
X = \.\TQ(Q\S i X‘, ‘-x'lo 11: i!n ~I 7(,,,7(,3

Gool: $ind SCX s\
@ Yor each dawse G, CNS=¢

® Soc ench X3, S con'\‘o\irn:ima‘f fx;,,'i_',}
. Starl moking ¥'s.
°We nse wmin \qits base 4

* Soe the \treca) L

oL~1. o
A3=|O||1|na—- |1||O||O|n1:r|2|

R U S
eoch clownse ench vacwble
- Sor eacﬁ;%ﬂm Ciy 5% Cith dight %o
1 15 x&C, else O
rsat “xth digh o 1, Qe O
Similar Soc the \trec O\ ;;(Q




SubseY Suwen

Theorem: A polyiime o.\ao Yoo subsel-sum T BT

(decision version. decide § such o subsel swm exishs)

mplies o Po\‘]T\me. 0\3" Soc SAT i

L'\'\'e-,_(.‘a\s RS \-01‘3*:) _
)\:‘i'x\.x\f".xmﬁ iA\lA\lMI A“IA".S
ond iB”B\."'IBm.Bm.l')

-S ' e e
3-SAT mfunce B Xy, Kasr, Xp €N

Slx, A= (XN AN A Ten

7 7
\(es/ No ‘Iof Su‘osé\'

Xy, Koo, XpEN

TeN S\Mn

. . - . ] - WSe many O\'\g'f\'s
\<e,\, \Jeo. Numbers are brt-ste 'ngs Too! T, digit encodes 1 consirait









