



































































































Optimization In Graphs
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CNF ConjunctiveNormalForm
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more special case 3 SAT

ke CNF SAT except w exactly 3 variables in a directedacyclicgraph

er clause
gates takesomeinputsbitsoutput1bitiii IIIT

Ot andgate
alsooutputgateÉÉÉaEÉÉÉnc v un OF notgate

inputgate

Circuit SAT
Theorem there is a poly timealgo for given a circuit decide if it
BooleanSAT iff there is a poly time algo issatisfiable
for 3SAT

Theorem there is apoly timealgofor
BooleanSAT iff thereis a poly timealgo

Conclusion for Circuit SAT

Wewant butdon't havepolynomial time algos for

BooleanSAT CNFSAT 3SAT or CircuitSAT

Butwe do know they are equivalent up to

polynomial time
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verticescannotrepeat

today longest path problem

find the lengthÉ the
I

longest path in G L

t g

7

L pv s
a r

Hamiltonian path
VL

L t
path visiting all vertices s pl

does 6 have a Hamiltonian path

related problems longest walk shortestpaths








































































































today longest'ÉÉiÉ problem

Three settings
findthe lengthof D
longestpath in G

2 Directed Hamiltonianpath u

pathvisitingallvertices I s3 Undirected

Polytime Algo Hard as 557 Abstain liars

DAG 90 2 3

Directed 2415 85 1

Undirected 0 99















































































































































































































Today similar themes for graph problems

max independent set

graph coloring

dominating set time permitting















































































































































































































Independent set








































































































Independent set

Input undirected G V E

SEV is independent if no

wives are connected by an edge
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Goal Max cardinality independent set

also haveweightedversion decisionversion

Special cases

I
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independent non overlapping

Trees

hard easy abstain

Independent
graphs

set in intervals








































































































trees

Independent set

Input undirected G V E KEIN

SEV is independent if no

wives are connected by an edge








































































































Goal Max cardinality independent set

also haveweightedversion decisionversion

9 xp Xn x VXzVxz
1 GIVE V4 AM

independent
set
solver

YES NO








































































































LES NO

Goal transform

96 x
undirectedgraph

sit size of max independent set

informs satisfiability of 4

we will build undirectedgraph St

4 is there is indep
satisfiable set of size k

for some K TBD

SAT graph
variables a vertices
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clauses Triangles
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Cavbvc 1 6VEVd AGVcVd ACaVTVI

m clauses m cliques








































































































m clauses m cliques

in poly mis
size graph

96 n Xn

Cava
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I
if max

independent

is polytime then softer
entire algorithm is

poly time

Thus max indep set is at least
as hard as SAT

Independent set w weighted intervals

htt








































































































I 1 11 1

independent non overlapping

Stept Recursive spec
for a set of weighted intervals I

Id p His
MWIS Intervals I
max weight of any
subset of intervals of I








































































































Step Implement

Question how to make t faster
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Step Implement








































































































Idea make problem sequential
sort

I I Ear6 12 292,62 m In IanGa

increasing in left endpoint a

Same algorithm but ordered








































































































suffix of ordered list
A subproblems

I it








































































































Dynamic Programming

Spec

Code

Running time

subproblem Jx time per
subproblem

n XO n O ne

a scan for j








































































































scan J

Better
Binary search for j Oln log n

time
also Oln space

Trees








































































































A
hard as graphs easy as intervals

T
how to order
subproblems

ye








































































































if

subtree

Recursive Spec








































































































Recursive Spec

Implement
MW IS G maximum of

exclude v

sum of MWIS x over children x of v

include r

weight of v t sum of
over children x of v

We really want MW IsG restricted to








































































































We really want MWISG restricted to

independent sets excluding x

Revisit Recursive Spec

new boolean flag

Implement








































































































Note stronger recursion is

easier to implement

Running time

C subproblems x time per
subproblem

n x Ocn 0 n

t
up to n children per node




































up to n children per node

Better

total children in tree is an

Running time

E time for gildren
node v

MWIS u

nodev

O total children

Ocn

FASTER than intervals



also O n space



Graph Coloring

Goal color vertices so that no adjacent
vertices have same color

w minimum colors



decision does k colors suffice

In k coloring
k is a fixed constant

T.EE
ring is as hard as SAT

High level approach

subset
3SAT 3 1 3 I r


