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For every set of edges FF C E — ¢ that spans e (and doesn’t include e),

w(e) < 1}1&1}( w(f).
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

w(e) < I}lél;(w(f)

Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
1. Every minimum weight spanning tree contains e.

2. For every set of edges ' C E — e that spans e (and doesn’t include ¢),

w(e) < r}lea,;(w(f)
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

w(e) < I}’lél}(w(f)

generic-MST(G = (V,E),w : E —> R)

1. T <0
2. Until 7 is a spanning tree.

A. Add a good edge ¢ € E \ span(7’) to T

// Or throw an error if no such edge exists.

3. Return 7.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
w(e) <maxw(f).
(6) < maxl(/)
Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
1. Every minimum weight spanning tree contains e.
2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),
w(e) < r}lggcw(f)

generic-MST(G = (V,E),w : E - R)

1. T <0
2. Until 7" is a spanning tree.

A. Add a good edge ¢ € E \ span(7’) to T

// Or throw an error if no such edge exists.

3. Return 7.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

greedy-MST(G = (V,E),w : E > R)

w(e) < r}lgcw(f)

/* Also known as Kruskal’s algorithm. */

Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
. . . . . . E P . Il . . )
1. Sort and index E = {e1,...,¢,} in increasing order of weight. 1o fL0eTy MIRIIT, Weght Spanning frec contains
2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),
2. Set T «— @ w(e)<r}12;<w(f).
generic-MST(G = (V,E),w : E —> R)

3. Fori=1,...,n: 1.7 <0

2. Until T is a spanning tree.

/* Below we discuss how to implement the following predicate

. A. Add a good edge ¢ € E \ span(T) to T
eﬂiczently. */ // Or throw an error if no such edge exists.
A. If T + ¢; is a forest: 3. Return 7.
/% e; is the minimum weight edge not spanned by T */

1. SGtT(—T+€l‘.

4. Return 7.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

greedy-MST(G = (V,E),w : E —> R)

w(e) < r}lgcw(f)

/* Also known as Kruskal’s algorithm. */

Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
. . . . . . E P . Il . . )
1. Sort and index E = {e1,...,¢,} in increasing order of weight. 1o fL0eTy MIRIIT, Weght Spanning frec contains
2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),
2. Set T «— @ w(e)<r}12;<w(f).
generic-MST(G = (V,E),w : E —> R)

3. Fori=1,...,n: 1.7 <0

2. Until T is a spanning tree.

/* Below we discuss how to implement the following predicate

. A. Add a good edge ¢ € E \ span(T) to T
eﬂiczently. */ // Or throw an error if no such edge exists.
A. If T + ¢; is a forest: 3. Return 7.
/% e; is the minimum weight edge not spanned by T */

1. SGtT(—T+€l‘.

4. Return 7.



Lemma 13.7. Let H C E be any non-spanning set of edges. Let ¢ € E \ span(H) be
the minimum weight edge not spanned by H. Then ¢ is a good edge.

"Pocale) a\ge ('\‘\\nw;\

parallel-MST(G = (V,E),w : E —> R)

/* Also known as Borivka’s algorithm. */

1. T <0
2. While 7" more than 1 connected component:

A. For each component § of 7', identify the smallest weight edge
in 0(.S).

B. Add all of these edges to T'.

3. Return 7
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
w(e) <maxw(f).
(6) < maxw(f)
Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
1. Every minimum weight spanning tree contains e.
2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),

w(e) < 1}12}<w(f)

generic-MST(G = (V,E),w : E —> R)

1. T <0
2. Until T is a spanning tree.

A. Add a good edge ¢ € E \ span(T) to T

// Or throw an error if no such edge exists.

3. Return 7.
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Lemma 13.7. Let H C E be any non-spanning set of edges. Let ¢ € E \ span(H) be

the minimum weight edge not spanned by H. Then ¢ is a good edge. 1 compule o Sorest FEE of
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

/* Also known as Prim’s algorithm. */ w(e) < maxw(f).
feF

"Search oge X

search-MST(G = (V,E),w : E —> R)

Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.

1. Set T < 0 and § < {v} for an arbitrary vertex v.

1. Every minimum weight spanning tree contains e.

/* We maintain the invariant that S is the connected component of v in 2. For egery set of edges F C E ¢ that spans ¢ (and doesn’t include e,
T. */ w(e)<r}1§.;<w(f).

generic-MST(G = (V,E),w : E —> R)

2. While T is not a spanning tree: 1T <0

/% We can accelerate the following steps with a Fibonacci heap.  */ 2. Until 7' is a spanning tree.
A. Add a good edge ¢ € E \ span(T) to T

// Or throw an error if no such edge exists.

A. Let ¢ be the minimum weight edge in d(.5).

B. SetT(—T+€,S<—SU€. 3. Return 7.

3. Return 7.



greedy-MST(G = (V,E),w: E > R)

/% Also known as Kruskal’s algorithm. */
1. Sort and index E = {ej,...,¢,} in increasing order of weight.

2. Set T « 0.

3. Fori=1,...,m:

/* Below we discuss how to implement the following predicate
efficiently. */
A. If T +¢; is a forest:
/* e; is the minimum weight edge not spanned by T */
1. Set T « T +e;.

. Return 7.

R\mv{\v\g Tmes

parallel-MST(G = (V,E),w : E - R)

/% Also known as Borivka’s algorithm.

1. T«0

2. While 7 more than 1 connected component:

*/

A. For each component S of 7', identify the smallest weight edge

in 9(S).
B. Add all of these edges to T'.

3. Return T

search-MST(G = (V,E),w : E > R)

/% Also known as Prim’s algorithm. */
1. Set T < 0 and S < {v} for an arbitrary vertex v.

/* We maintain the invariant that S is the connected component of v in
T. */

2. While 7 is not a spanning tree:

/* We can accelerate the following steps with a Fibonacci heap. — */
A. Let ¢ be the minimum weight edge in 9(S5).
B. Set7 « T +e¢,S «— SUe.

3. Return 7.
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greedy-MST(G = (V,E),w : E — R)

/* Also known as Kruskal’s algorithm. */
1. Sort and index E = {ej,...,¢,} in increasing order of weight.

2. Set T « 0.

3. Fori=1,...,n:

/% Below we discuss how to implement the following predicate
efficiently. */
A. If T +¢; is a forest:
/* e; is the minimum weight edge not spanned by T */
1. Set T «— T +e;.

4. Return 7.

Disyint union ddle structure

1. union(u,v): Given two elements u and v, take the union of the their sets.

2. same-set(u,v): Returns whether or not x and y are in the same set.

3. new-set(x): Given a new element x, creates the singleton set {x}.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
w(e) <maxw(f).
(¢) < maxuw(f)
Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.

1. Every minimum weight spanning tree contains e.

2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),

w(e) < r}lggcw(f)

generic-MST(G = (V,E),w : E —> R)

1. T <0
2. Until T is a spanning tree.

A. Add a good edge ¢ € E \ span(T) to T

// Or throw an error if no such edge exists.

3. Return 7.

Theorem 13.8. There is a data structure that can implement the union, same-set,
and new-set operations listed above that, for any m operations over n total elements,

takes O(m + na(n)) time, where a(n) is the inverse Ackerman function.
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. For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)
2. While 7" more than 1 connected component:

w(e) < r}lggcw(f)

A. For each Component S Of T, identify the Smallest Weight edge Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.
in a ( S) 1. Every minimum weight spanning tree contains e.

B. Add all of these edges to 7.

2. For every set of edges F C E — ¢ that spans e (and doesn’t include e),

w(e) < r}lggcw(f)

generic-MST(G = (V,E),w : E —> R)

3. Return 7
1. T «0

2. Until T is a spanning tree.

A. Add a good edge ¢ € E \ span(T) to T

// Or throw an error if no such edge exists.

3. Return 7.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

search-MST(G = (V,E),w : E — R)

/% Also known as Prim’s algorithm. */

1. Set I «<— 0 and §' < {v} for an arbitrary vertex v.

/* We maintain the invariant that S is the connected component of v in w(e) < maxw(f).
T. */ Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.

1. Every minimum weight spanning tree contains e.

2. While T is not a Spanning tree: 2. For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e),

w(e) < r}lggw(f)

/% We can accelerate the following steps with a Fibonacci heap.  */ generic-MST(G = (V.B) w0 E — R

A. Let ¢ be the minimum weight edge in d(.S). 1T 0

B. Set 7 « T +¢,S «— SUe. 2

. Until 7 is a spanning tree.

A. Add a good edge ¢ € E \ span(T’) to T’
3. Return 7. s s \span(T)
// Or throw an error if no such edge exists.

3. Return 7.
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1. insert(k,p): inserts an key k£ with priority p.

2. decrease(k,p): Let k£ be a key in the heap. If p is less than the current
priority of k£, decrease the priority to p.

3. remove-min(): removes and returns the key value pair (%,p) with the
minimum priority p.

Fact 8.1. There exists a data structure, called a Fibonacci heap, that has the following
guarantee. Qver any sequence of I calls to insert-key, D calls to decrease-key, and
R calls to remove-min, the Fibonacci heap takes

O(I + D + Rlog n)

time in total.
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For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e)

search-MST(G = (V,E),w : E — R)

/% Also known as Prim’s algorithm. */

1. Set T < 0 and § < {v} for an arbitrary vertex v.

/* We maintain the invariant that S is the connected component of v in w(e) < maxw(f).
T. */ Lemma 13.5. Let ¢ € E. Then the following conditions are equivalent.

1. Every minimum weight spanning tree contains e.

2. While T is not a Spanning tree: 2. For every set of edges F C E — ¢ that spans ¢ (and doesn’t include e),

w(e) < r}lggcw(f)

/% We can accelerate the following steps with a Fibonacci heap.  */ generic-MST(G = (V.B) w0 E — R

A. Let ¢ be the minimum weight edge in d(.S).

1. T <0
B. SetT<—T+e,S<—SUe. 2. Until T is a spanning tree.
A. Add a good edge ¢ € E \ span(7T) to T’
3. Return 7. s s \span(T)

// Or throw an error if no such edge exists.

3. Return 7.

1. insert(k,p): inserts an key £ with priority p.

2. decrease(k,p): Let k£ be a key in the heap. If p is less than the current
priority of k, decrease the priority to p.

3. remove-min(): removes and returns the key value pair (£,p) with the
minimum priority p.



greedy-MST(G = (V,E),w: E > R)

/% Also known as Kruskal’s algorithm. */
1. Sort and index E = {ej,...,¢,} in increasing order of weight.

2. Set T « 0.

3. Fori=1,...,m:

/* Below we discuss how to implement the following predicate
efficiently. */
A. If T +¢; is a forest:
/* e; is the minimum weight edge not spanned by T */
1. Set T « T +e;.

. Return 7.

R\mv{\v\g Tmes

parallel-MST(G = (V,E),w : E —> R)

/% Also known as Borivka’s algorithm.

1. T«0

2. While T more than 1 connected component:

*/

A. For each component S of 7', identify the smallest weight edge

in 9(S).
B. Add all of these edges to T'.

3. Return T

search-MST(G = (V,E),w : E > R)

/% Also known as Prim’s algorithm. */
1. Set T < 0 and S « {v} for an arbitrary vertex v.

/* We maintain the invariant that S is the connected component of v in
T. */

2. While 7 is not a spanning tree:

/* We can accelerate the following steps with a Fibonacci heap. — */
A. Let ¢ be the minimum weight edge in 9(S).
B. Set7 « T +e¢,S «— SUe.

3. Return 7.



